Abstract. We present a complete description of all product preserving bundle functors on the category F ol of all foliated manifolds and their leaf respecting maps in terms of homomorphisms of Weil algebras.
A M for any foliated manifold (M, F). So, it seems natural and useful to classify all product preserving bundle functors on the category Fol. This is the purpose of the present note. The main results can be stated as follows:
Theorem A. There is a bijection between the isomorphism classes of product preserving bundle functors on Fol and the isomorphism classes of Weil algebra homomorphisms.
Theorem B. Given two product preserving bundle functors on Fol there is a bijection between their natural transformations and morphisms of the corresponding Weil algebra homomorphisms.
The category FM of fibred manifolds is in an obvious way a subcategory of Fol (we treat a fibred manifold as a manifold with foliation given by the fibres). Therefore any product preserving bundle functor F : Fol → FM can be restricted to a product preserving bundle functor F : FM → FM. Then by the classifying result from [3] we have the corresponding homomorphism µ
of Weil algebras. Conversely, any Weil algebra homomorphism µ : A → B induces a product preserving bundle functor T µ : FM → FM (see [3] ). Since any foliated manifold is locally a fibred manifold, the bundle functor T µ : FM → FM can be extended (by gluing) to T µ : Fol → FM. However, the gluing method is rather inconvenient. That is why we will present another strictly canonical construction of T µ : Fol → FM. All manifolds are assumed to be finite-dimensional. All manifolds and maps are assumed to be smooth, i.e. of class C ∞ . All foliations are assumed to be without singularities.
Basic definitions.
Let us recall the following definitions (see e.g. [2] ). Let F : Fol → FM be a covariant functor. Let B F M : FM → Mf be the base functor and B F ol : Fol → Mf be the forgetful functor.
A bundle functor on Fol is a functor F as above satisfying:
Hence the induced projections form a functor transformation π :
Given two bundle functors F 1 , F 2 on Fol, by a natural transformation ν : F 1 → F 2 we shall mean a system of base preserving fibred maps ν :
A bundle functor F on Fol is product preserving if for any product projections (M 1 , F 1 )
Some known examples of product preserving bundle functors on Fol have been mentioned in the introduction. 
Product preserving bundle functors on
If in adapted coordinates a foliated map is of the form f :
The correspondence T µ : Fol → FM is a product preserving bundle functor. It is called the product preserving bundle functor on Fol corresponding to the Weil algebra homomorphism µ.
3. Weil algebra homomorphisms corresponding to product preserving bundle functors on Fol. Let F : Fol → FM be a product preserving bundle functor. We are going to construct a Weil algebra homomorphism µ
to be the Weil algebra homomorphism corresponding to the product preserving bundle functor F |F M : FM → FM (see [3] ). We call it the Weil algebra homomorphism corresponding to the product preserving bundle functor F on Fol.
More precisely, we put A 
, where id R is the identity map of R treated as the corresponding Fol-morphism.
The following facts will not be used later. 
Classification of product preserving bundle functors on
, where f and g are treated as the corresponding Fol-morphisms. Recalling the definition of µ
(Example 2) and using the functoriality of F one can standardly verify that 
Hence F has values in the category Fol. Therefore we can compose two product preserving bundle functors on Fol. This composition is again a product preserving bundle functor on Fol.
Classification of Weil algebra homomorphisms in terms of product preserving bundle functors on Fol.
The following proposition shows that any Weil algebra homomorphism is isomorphic to the Weil algebra homomorphism corresponding to some product preserving bundle functor on Fol. We recall that a morphism µ 1 → µ 2 of Weil algebra homomorphisms µ 1 : A 1 → B 1 and µ 2 : A 2 → B 2 is a pair η of Weil algebra homomorphisms 6. Natural transformations of product preserving bundle functors on Fol and induced morphisms between corresponding Weil algebra homomorphisms. Let F 1 , F 2 : Fol → FM be product preserving bundle functors. Let µ 
We call η ν the morphism of Weil algebra homomorphisms corresponding to ν. : F 1 → F 2 be a natural transformation given by the composition Proof. Suppose ν : F 1 → F 2 is another natural transformation such that η ν = η. Then ν coincides with ν on (R, F ) and (R, F ). Hence ν = ν by the same argument as in the proof of Proposition 1. Now, the following second main result of this paper is clear. 
Morphisms between
η : T µ 1 (M, F) → T µ 2 (M, F) by ν η (ϕ, ψ) = (η 1 • ϕ, η 2 • ψ) for (ϕ, ψ) ∈ T µ 1 x (M, F), x ∈ M . The family ν η : T µ 1 → T µ 2 isF 1 Θ F 1 −→ T µ F 1 ν η −→ T µ F 2 (Θ F 2 ) −1 −−−−→ F 2 ,
